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[1] The traditional method for interpolating ice thickness
data from airborne radar sounding surveys onto regular grids
is to employ geostatistical techniques such as kriging. While
this approach provides continuous maps of ice thickness, it
generates products that are not consistent with ice flow
dynamics and are impractical for high resolution ice flow
simulations. Here, we present a novel approach that com-
bines sparse ice thickness data collected by airborne radar
sounding profilers with high resolution swath mapping of
ice velocity derived from satellite synthetic‐aperture inter-
ferometry to obtain a high resolution map of ice thickness
that conserves mass and minimizes the departure from
observations. We apply this approach to the case of
Nioghalvfjerdsfjorden (79North) Glacier, a major outlet gla-
cier in northeast Greenland that has been relatively stable in
recent decades. The results show that our mass conserving
method removes the anomalies in mass flux divergence,
yields interpolated data that are within about 5% of the orig-
inal data, and produces thickness maps that are directly
usable in high spatial‐resolution, high‐order ice flow mod-
els. We discuss the application of this method to the broad
and detailed radar surveys of ice sheet and glacier thickness.
Citation: Morlighem, M., E. Rignot, H. Seroussi, E. Larour,
H. Ben Dhia, and D. Aubry (2011), A mass conservation approach
for mapping glacier ice thickness, Geophys. Res. Lett., 38, L19503,
doi:10.1029/2011GL048659.

1. Introduction

[2] Important ice sheet characteristics such as ice thick-
ness, surface elevation or surface velocity are most effi-
ciently derived from airborne and satellite platforms carrying
instruments operating at different spatial resolutions and
deployed at different epochs. As a consequence, data sets are
not always consistent with one another, and this compli-
cates their combined use in numerical ice sheet models.
For example in Greenland, surface ice velocity has been
measured at a high spatial resolution (30–300m)with satellite
synthetic‐aperture radar interferometry (InSAR), with low
error margins (a few m/yr); whereas ice thickness has been
derived from airborne radar sounding profilers, with tracks
spaced by several to tens of kilometers, collected at different
epochs, and interpolated onto a regular grid using geostatis-
tical algorithms, e.g. kriging [Deutsch and Joumel, 1997].
The grid size selected for ice thickness mapping, typically

5 km in Greenland, is often much smaller than the actual
average spacing between tracks [e.g., Bamber et al., 2001],
which means that the true spatial resolution of the data is
much larger than the grid spacing.
[3] A recent study by Seroussi et al. [2011] revealed that

combination of thickness data gridded by kriging with high
resolution surface velocity data from InSAR generates major
artifacts that severely limit the applicability of these data to
high resolution ice sheet models. Namely, the ice flux diver-
gence resulting from this combination exhibits large spatial
deviations on grounded ice, exceeding several hundreds of
m/yr, that are physically untenable, i.e., they cannot be
explained in terms of temporal changes in thickness, surface
mass balance or basal mass balance. If flow models are
initialized with these data, the results diverge quickly from
their initial state [Rasmussen, 1985]. Alternative solutions of
assigning these errors to steady‐state values of basal melting,
have an uncertain but possibly significant impact on the
reliability and relevance of the model results initialized in that
manner.
[4] The underlying cause of these deviations in flux

divergence is that the ice thickness data are used beyond
their actual spatial resolution and their geostatistical inter-
polation onto a finer grid violates the conservation of mass.
Kriging is a widely used technique of thickness interpolation
in ice sheet surveying; while it may be appropriate to create
background maps of bed topography that are continuous and
regularly distributed, it leads to unrealistic behaviors in ice
flow dynamics when used in high resolution ice sheet models
because the small errors introduced in the uncontrolled
interpolation of the data have a large impact on the ice flux
divergence.
[5] Here, we propose a new approach, based on mass con-

servation, to infer ice thickness onto a high spatial‐resolution
mesh by combining sparse ice thickness data from radar
sounding profilers with dense, high spatial‐resolution ice
velocity data collected by swath mapping satellites and
ancillary data. The goal is to provide ice sheet models with
robust and more reliable ice thickness maps, with fewer
artifacts, and also estimate the spatial distribution of errors
in ice thickness.
[6] The idea of using ice velocity to infer a spatially con-

sistent map of ice thickness is not new. Rasmussen [1988]
used this approach on Columbia Glacier using a finite dif-
ference scheme. Fastook et al. [1995] used the solution of
polynomial of the fourth degree derived from the Shallow
Ice Approximation (SIA) to calculate the ice thickness of
Jakobshavn Isbræ, in West Greenland. Warner and Budd
[2000] employed the SIA to calculate the ice thickness over
the Antarctic Ice Sheet usingmass flux conservation. Farinotti
et al. [2009] employed a method, derived from the same
principle, to determine the ice volume of Swiss alpine
glaciers. All these studies, however, suffer from significant
deviations from the original thickness data, i.e., by hundreds
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of meters in the case of Fastook et al. [1995] andWarner and
Budd [2000], and an average 25% by Farinotti et al. [2009].
[7] In this study, we present a more advanced methodology

to produce spatially consistent ice thickness data sets with
much lower errors. After introducing the method and the
optimization process, we discuss its application to a major
Greenland outlet glacier, describe the results and conclude
on the applicability of this approach to the broad, detailed
surveys of glaciers and ice sheets.

2. Method

2.1. Balance Thickness

[8] If ice is treated as an incompressible material, mass
conservation requires the velocity vector, v, to be divergence
free, r · v = 0. Using the kinematics of the glacier bed and
surface, this equation is vertically integrated using the
Leibnitz integral rule to obtain the two‐dimensional form
of the mass conservation equation:

@H

@t
þr � Hv ¼ _Ms � _Mb ð1Þ

where H is the ice thickness and v(x,y) = (vx,vy) is the
depth‐averaged horizontal velocity, _Mb is the basal melting
rate (m/yr ice equivalent, positive when melting, negative
when freezing), and _M s is the surface mass balance (m/yr ice
equivalent, positive for accumulation, negative for ablation).
This equation states that the ice flux divergence is balanced
by the rate of thickness change and the net surface and basal
mass balances.
[9] Let W be the two‐dimensional ice domain and ∂W its

boundary. We define the inflow and outflow boundaries as
follows:

G� ¼ x 2 @W v xð Þ � n xð Þ � 0f g

Gþ ¼ x 2 @W v xð Þ � n xð Þ > 0f g
ð2Þ

with n the outward‐pointing unit normal vector. We also
define T 2 W as the flight tracks where data are collected
within the model domain. The balance ice thickness is cal-
culated by solving

r � Hv ¼ _a in W

H ¼ Hobs on G�

8<
: ð3Þ

where _a = _M s − _Mb − ∂H/∂t, is the apparent mass balance
following Farinotti et al. [2009] and Hobs is an observed
thickness. This equation requires that ice thickness be con-
strained once and only once for each flow line. Constraining
ice thickness at the inflow boundary is a simple way of
achieving this condition. Note that even though we call this
solution “balance thickness”, it shall not be confused with
the steady‐state glacier thickness because it incorporates the
rate of thickness change, ∂H/∂t.
[10] Equation (3) is a steady hyperbolic partial differential

equation of first order. Such equations are difficult to solve
numerically [e.g., Donea, 1984]. Here we employ a stream-
line upwinding finite element method to solve it.

2.2. Multi‐Parameter Optimization

[11] Solving for the balance thickness (equation (3)) requires
precise knowledge of the apparent mass balance and ice
velocity. These data sets are not always available, or include
errors, which strongly affect the solution. For example, slight
errors in the velocity data yield large errors in glacier thick-
ness [Rasmussen, 1985]. To reduce these deviations, we
optimize the apparent mass balance and depth‐averaged
velocity to minimize the misfit between observed and mod-
eled ice thickness along the flight tracks, T. We define an
objective function as

J ¼
Z
T

1

2
H v; _að Þ � Hobsð Þ2dx þ �

Z
W
krH v; _að Þk2dW ð4Þ

The first term measures the mismatch between modeled and
measured thickness and the second term is a regularizing
constraint, which penalizes wiggles in ice thickness. The
addition of regularization is essential to infer an ice thickness
that is smooth enough yet close enough to the original data
along flight tracks. g is a parameter used to adjust the influ-
ence of the regularization in the objective function. A large
value of g will result in a smoother thickness map that
deviates more significantly from the observations whereas a
small value of g will produce in a good fit with observations
but with strong gradients in the proximity of flight tracks.
[12] Here, we use a projected gradient descent algorithm

to minimize J , while keeping the depth‐averaged velocity,
v, and the apparent mass balance, _a, within certain tolerances
based on error margins. We stop the optimization when the
cost function reaches a sufficiently low value, typically an
average misfit of 30 m, which is comparable to the error in
ice thickness measurements. A detailed description of the
optimization is presented in the auxiliary material.1

[13] The tolerance interval for the apparent mass balance,
_a, is defined here as the sum of errors in surface mass
balance, basal melting rate and thickness change. For
79North Glacier, we estimate this error to be on the order
of ±1 m/yr. The admissible space for _a is therefore

_a 2 _aobs þ �; � 2 �1 1½ �f g ð5Þ

[14] The tolerance interval for ice velocity is more diffi-
cult to evaluate a priori. Even though nominal errors in ice
velocity are around ±2 m/yr, ice thickness and velocity are
usually not measured at the same time and surface velocity
is not identical to depth‐averaged velocity. In areas where
ice is frozen to the bed, the depth‐averaged velocity may be
15% lower. In that case, the approach discussed herein
needs to be revised to include differences between surface
and depth‐averaged velocities through 3D modeling of ice
sheet flow. Here, on 79North Glacier, differences between
surface and depth‐averaged velocities are at the 1% level
[Seroussi et al., 2011], so it is reasonable to use surface
velocities. To allow enough flexibility in the optimization
process, however, we need a tolerance on ice velocity that is
larger than the nominal error. We obtain satisfactory results
with a tolerance of ±50 m/yr, which is less than 5% of the

1Auxiliary materials are available in the HTML. doi:10.1029/
2011GL048659.
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surface velocity of the main flow. The admissible space for
v becomes

vx 2 �1v
obs
x þ �2; �1 2 0:95 1½ �; �2 2 �50 50½ �� � ð6Þ

vy 2 �1v
obs
y þ �2; �1 2 0:95 1½ �; �2 2 �50 50½ �

n o
ð7Þ

[15] Given uncertainties in ice velocity, dv, and apparent
mass balance, d _a, it is possible to estimate the maximum
error in ice thickness, dH, as detailed in the supplementary
material. Along a flow line, we show that the maximum
error is given by

�H xð Þ ¼ 1

v xð Þ
Z x

0
� _aþ jr � H�vj dx ð8Þ

where x is the curvilinear coordinate of the flow line
starting from the inflow boundary. The error is therefore
inversely proportional to the magnitude of the ice velocity.
For a track spacing of 5 km and using values typical for
79North Glacier discussed next, the error in ice thickness is
10 m when ice velocity is about 1000 m/yr and 100 m when
ice velocity is about 100 m/yr. This method is therefore
most reliable in fast flowing areas.

3. Application to 79North Glacier

[16] In this section, we compare three methodologies to
infer the ice thickness of 79North Glacier. The goal is to

illustrate that the proposed optimization scheme achieves the
best results. In experiment 1, we calculate the balance
thickness by directly solving equation (3), with ice thickness
only constrained on G−; the flux divergence is imposed as
equal to the apparent mass balance. In experiment 2, we
impose ice thickness to be strictly equal to the measure-
ments along the original tracks: the ice thickness is therefore
constrained on both inflow boundary and flight tracks, T.
Finally in experiment 3, we apply an optimization sequence
that includes uncertainties velocity and apparent mass bal-
ance to best fit the observations without strongly constrain-
ing the thickness on T.
[17] The study area is the fast flowing portion of 79North

Glacier, a large discharger of ice in north Greenland
(Figure 1). This glacier has been extensively surveyed in
the late 1990s, is not accelerating or changing in ice thick-
ness at a significant level and hence provides a reliable,
reference glaciological setting to test our algorithm. We use
ice thickness from Thomsen et al. [1997] and Christensen
et al. [2000] with a track spacing of 5 km on the upper part of
the glacier, and 2.5 km near the grounding zone (Figure 1).
A gridded thickness map at 1‐km posting was generated by
N. Reeh (unpublished data, 1998; Figure 2a) using block
kriging, here referred to as Reeh’s thickness map.
[18] Surface velocity is measured using ascending and

descending tracks of the Earth Remote Sensing Satellite
(ERS) 1 and 2 in year 1996 [Rignot et al., 1997]. The ice
stream velocity exceeds 1200 m/yr at the grounding line. The
model domain is set by the geographic limits of Reeh’s
thicknessmap. This ensures that the input ice flux, which is an
important control on the solution, is well constrained. Along
parts of the inflow boundary where no measurement is
available, we use Reeh’s thickness map values to constrain
the solution by default. We exclude floating parts of the
glacier from themodel domain because the basal melt rates on
floating ice are not knownwell enough. Surface mass balance
is from Ettema et al. [2009] and ranges from −120 cm/yr
to −50 cm/yr averaged over the time period 1961–1996.
Temporal changes in ice thickness are less than 1 m/yr
[Thomas et al., 2006] and are thus neglected. Basal melting
on grounded ice is less than a few 10 cm per year and is
neglected as well [Fahnestock et al., 2001]. The apparent
mass balance is therefore here taken as equal to the surface
mass balance.

4. Results

[19] When Reeh’s thickness map (Figure 2a) is combined
with the observed surface velocities, we find a flux diver-
gence on grounded ice that exceeds ±100 m/yr (Figure 2e),
which is not physically acceptable. If an ice flow model is
initiated in this manner, deep hollows and high bumps will
rapidly appear, yielding a new glacier configuration signif-
icantly different from the original one.
[20] In experiment 1, we use an unstructured triangular

mesh with a resolution of 400 m. The balance thickness
shown in Figure 2b compares well with Reeh’s thickness
map, but deviates significantly from the measurements, by
several hundreds of meters in some areas, which is not
satisfactory.
[21] In experiment 2, we use the same spatial resolution

but constrain the mesh to follow the flight tracks so that
measurements can be imposed at their locations. Figure 2c

Figure 1. InSAR‐derived surface velocity of 79North
Glacier, in Greenland, color coded on a logarithmic scale
and overlaid on a MODIS (Moderate‐resolution Imaging
Spectroradiometer) mosaic of Greenland. The flight tracks
used in Reeh’s thickness map are shown as black lines; the
model domain is a white line; and the grounding line is the
green line.
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shows that the results fit the original data better but deviate
rapidly from the measurements in between tracks and
exhibit large jumps when crossing tracks, hence resulting in
a noisy appearance of both ice thickness and flux divergence
(Figure 2g). Indeed, the balance thickness hyperbolic equa-
tion requires the thickness to be constrained only once, it is
incorrect to prescribe the thickness elsewhere. We therefore
need to relax the constraints along the flight tracks by for-
mulating an optimization problem.
[22] In experiment 3, which is the optimum algorithm we

are proposing to use herein, we solve for equation (3)
without additional constraint (same as experiment 1) but
optimize the ice velocity and apparent mass balance within
tolerance levels for the calculated thickness to best fit the
thickness measurements along tracks. The resulting thick-
ness map (Figure 2d) is close to Reeh’s thickness, fits the
original data well, and yields anomalies in flux divergence
that are two orders of magnitude lower than the flux diver-
gence associated to Reeh’s thickness map (Figure 2h).
[23] Figure 3a compares Reeh’s thickness data and the

optimized balance thickness data in experiment 3 with
observations. The balance thickness deviates by a factor 3 less
from observations than Reeh’s thickness map, i.e the error
decreases from 80 to 30 m.
[24] Figure 3c shows error estimates for the balance

thickness. The error is low along flight tracks and increases
along the flow direction. Maximum errors are reached in
between flight tracks, and the error increases when the track
spacing increases. Errors are less than 30–50 m over the
model domain. Along the sides of the domain, where ice
thickness is weakly constrained by observations and ice
velocity is low, errors exceed 120 m.
[25] Comparing our results with independent measure-

ments of ice thickness from the Center for Remote Sensing
of Ice Sheet (CReSIS) and Operation IceBridge (OIB) of
years 1997, 1999, 2004 and 2010 in Figure 3b, we find an
average difference of 43 m with the balance thickness and

73 m with Reeh’s thickness map. This comparison therefore
illustrates that our balance thickness is reliable and more
accurate than the data obtained from kriging.

5. Discussion

[26] Our mass conservation approach provides seamless
ice thickness data that conserves mass by combining ice
velocity and ice thickness data in an optimum fashion, i.e.,
with no artifacts in ice flux divergence. Kriging provides
interpolated data that do not deviate largely from the mea-
surements but that do not conserve mass between flight
tracks. Our analysis of errors shows that the maximum error
in ice thickness is inversely proportional to ice velocity. Our
method therefore yields optimal results in fast flowing
regions, which is also a region of most relevance to ice
sheet flow models because fast flowing regions have a
major impact on ice sheet mass balance. The approach is less
reliable in slow moving areas, where our assumption of no
difference between surface velocity and depth‐averaged
velocity is less applicable, but this is also a part of the ice sheet
where anomalies in ice flux divergence are quite small
(Figure 2e). The algorithm is therefore optimum where it
matters most.
[27] As demonstrated in this study, the solution to

equation (3) is very sensitive to small errors in the input
data. The hyperbolic nature of this equation leads to unstable
solutions, especially in slowmoving areas. In order to use this
method most effectively it is therefore essential to have a
good understanding of the error budget of the variables in
equation (3).
[28] Our error analysis provides useful guidelines for ice

thickness mapping in areas where ice velocity data are
available. Errors in balance thickness are proportional to the
distance to the closest track, so dense tracks are required, as
expected. The preferable configuration of tracks is one that
crosses asmany flow lines as possible in order to constrain the

Figure 2. Thickness (m) of 79North Glacier, Greenland, from (a) N. Reeh, (b) experiment 1, (c) experiment 2,
(d) experiment 3 (optimized calculation); and flux divergence (m/yr) combining InSAR velocities and the thickness map
from (e) N. Reeh, (f) experiment 1 (apparent mass balance), (g) experiment 2, (h) experiment 3 (optimized calculation).
Color bars associated with the flux divergence in Figures 2e and 2g have broader ranges to maintain visibility.
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flux of the largest possible region of the domain. In contrast,
a flight track that follows a flow line cannot constrain the
flux of other flow lines. We therefore recommend glacier
surveys preferably with tracks perpendicular to the flow
direction; tracks along the flow direction will remain useful
for flow line modeling and for estimating cross‐track errors,
but not so much for dense interpolation of ice thickness data
using a mass conservation approach.
[29] Our method is applicable to other glaciers for which

surface velocity and surface mass balance are known. On
79North Glacier, the apparent mass balance is small and
almost negligible. On a fast changing glacier like Jakobshavn
Isbræ, the rates of thickness change are large (15–30 m/yr),
the apparent mass balance is not negligible andmeasurements
of ∂H/∂t are needed to reduce uncertainties in calculated
balance thickness.
[30] On floating ice shelves, our method is difficult to

apply because the high rates of basal melting from the ocean
are not well known, yet the anomalies in ice flux divergence
are also much smaller [Rignot and Steffen, 2008]. More
important, ice‐shelf thickness may be more effectively
deduced from digital maps of surface elevation assuming that
ice is in hydrostatic equilibrium, so the mass conservation
approach is less critical to obtaining reliable gridded ice
thickness maps.

6. Conclusions

[31] We present an alternative solution to the traditional
mapping of ice thickness with kriging, which has shown
serious limitations for ice sheet modeling applications. Our
technique is applicable to any glaciated terrain for which
information on apparent mass balance data is available, and
most important for those for which dense measurements of
ice velocity exist. Ourmethod is most effective in fast flowing
regions, where ice sheet models need it most. It provides data
sets that can readily be used in ice sheet models, fit the
observations well and generate no anomalies in flux diver-
gence, thereby increasing confidence in model results. In one

example, our approach reduces errors in ice thickness by a
factor 2, to less than 40 m, or 5% of the total thickness. The
algorithm is available in the Ice Sheet System Model (http://
issm.jpl.nasa.gov) [Morlighem et al., 2010].
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